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A NOTE ON LONG POWERS OF PATHS IN TOURNAMENTS
ANTO´NIO GIRA˜O
Abstract. A square of a path on k vertices is a directed path x1 . . . xk, where xi is directed to xi+2, for
every i ∈ {1, . . . k − 1}. Recently, Yuster showed that any tournament on n vertices contains a square of a
path of length at least n0.295. In this short note, we improve this bound. More precisely, we show that for
every ε > 0, there exists cε > 0 such that any tournament on n vertices contains a square of a path on at
least cεn1−ε vertices.
1. Introduction
Throughout the last decades, the study of sufficient conditions for a graph or an oriented graph to contain
certain subgraphs has seen numerous developments, and probably the most important problem concern the
existence of a Hamiltonian cycle or a spanning tree (see e.g. [4, 6, 2, 7]).
In this note, we are interested in finding a long square of path in a tournament. A kth power of a (directed)
cycle (or directed path) on m vertices is a sequence of vertices x1x2 . . . xm where the edge (xi, xj) is present
(and xi → xj , in case of directed path or cycle), for every i < j ≤ i+ k (we take i, j modulo m in case of a
cycle). Confirming a longstanding conjecture of Seymour, Komlo´s, Sa´rko¨zy and, Szemere´di [5], showed in
1998, that for every k, a sufficiently large graph G on n vertices contains the kth-power of a cycle provided
δ(G) ≥ knk+1 and this bound is easily seen to be tight.
In oriented graphs, such extremal questions are usually harder to answer. Only a decade ago, Keevash,
Ku¨hn and, Osthus [3] proved that any sufficiently large oriented graph on n vertices with minimum semidegree
greater than 3n−48 is Hamiltonian which is tight. We turn now to the problem we address in this note. A
tournament is a complete oriented graph. It is easy to show that a tournament on n vertices with minimum
semidegree n/4 is strongly connected hence it must contain a Hamiltonian cycle. In 1990, Bolloba´s and
Ha¨ggkvist[1] improved this by showing that the same asymptotic bound is enough to guarantee a power of
a Hamilton cycle. More precisely, they showed that for ε > 0 and k ∈ N, a tournament with semidegree
at least (1/4 + ε)n contains the kth power of a Hamilton cycle. Given a tournament T , let pp(T ) be the
longest square of a path in T . Motivated by the observation that any tournament contains a Hamiltonian
path, Yuster [9] studied the following question. What is the smallest value of pp(T ) over all tournaments on
n vertices? Very recently, he showed that pp(T ) ≥ n0.295, for every tournament T on n vertices. In here, we
substantially improve this bound.
Theorem 1.1. For every ε > 0, there exists cε such that the following holds. Let T be a tournament on n
vertices then it contains a square of a path of order at least cεn
1−ε.
1.1. Notation. Our notation is standard. Let T be a tournament and S ⊂ T , then we denote N+(S) =
∩x∈TN+(x). Let (A,B) be a balanced bipartite tournament with |A| = |B| = n. We denote by
→
d [A,B] the
density of the graph formed by the edges going from A to B.
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As usual, we say (A,B) form an (ε, d)-regular pair if
→
d [A,B] = d and for every subset A′ ⊂ A,B′ ⊂ B
where |A′|, |B′| ≥ εn,
→
d [A′, B′] = (d± ε).
Let 0 < ε < 1. We say T has a ε-regular partition on M parts if the following hold.
i) V (T ) = V0 ∪ V1 . . . ∪ VM ,
ii) |V0| ≤ εn, and we shall call it the exceptional set,
iii) |Vi| = m, for every i ∈ [M ],
iv) all but at most εM2 pairs of parts form ε-regular pairs.
Given an (ε, d)-regular pair of a bipartite tournament (A,B), we say a pair (x, y) ∈ A(2) is good if
|N+(x) ∩N+(y)| ≥ (d2 − 10ε)n.
Finally, we write 0 < c1  c2  . . .  cr, to mean that we can choose the constants c1, c2, . . . ck from
right to left. More precisely, there are non-decreasing functions f1, f2, . . . , fk−1 such that, given ck, whenever
we choose some ci ≤ fi(ci + 1), all calculations needed using these constants are valid.
1.2. Preliminaries. Here we collect some results we need for our proof.
Lemma 1.2. Let G be an oriented graph on n vertices without a path of length k, then there is an ordering
of the vertex set x1, . . . xn such that for every i ∈ {1, . . . n}, |N−(xi) ∩ {xi+1, . . . xn}| ≤ k − 1.
Proof. This easily proved by induction. Indeed, if all vertices have in-degree at least k we clearly can find a
directed path of length k, a contradiction. Therefore, there is a vertex x ∈ V (G) with d−(x) ≤ k − 1. Let
x := x1 and apply induction to G− x. 
Lemma 1.3 (Szemere´di regularity Lemma [8]). For every ε > 0 and positive integer m, there exists
M = M(ε,m) such that any tournament has a ε-regular partition on ` parts where m ≤ ` ≤M .
Lemma 1.4. Let 0 < 1/n ε δ ≤ 1/2. Let (A,B) be a (ε, d)-regular pair where δ ≤ d and |A| = |B| = n.
Then, for every set F ⊆ A (or F ⊆ B), where |F | ≥ δ2/4n, there is at least a good pair (x, y) with x, y ∈ F .
Proof. It suffices to who there are at most 10ε
(
n
2
)
pairs of vertices which are not good within A. Let
A′ := {x ∈ A | d+B(x) /∈ ](d− 2ε)n, (d+ 2ε)n[}, by assumption |A′| ≤ 2εn. Let A∗ = A \ A′. Fix a vertex
y ∈ A∗, and let N := N+(x). By construction, |N | = (d ± 2ε)n ≥ εn. Let A∗1 := {x ∈ A∗ | d+N (x) /∈
](d2 − 10ε)n, (d2 + 10ε)n[}. Suppose for contradiction A∗1 ≥ 2εn, then we may pass to a subset A∗2 where
|A∗2| ≥ εn with the property that all vertices in A∗2 have at least (d2 + 10ε)n out-neighbours in N (or at
most (d2 − 10ε)n, the argument is the same in this case). As every vertex of A∗2 sends at least (d2 + 10ε)n
out-edges to N , we have
→
d [A∗2, N ] ≥ |A
∗
2 |(d2+10ε)n
|A∗2 ||N | > (d+ ε), which is a contradiction as |N |, |A
∗
2| ≥ εn. This
implies there are at most |A∗|2εn bad edges within A∗. Finally, note that a bad pair must either be incident
with A′ in which case there are at most |A′|n ≤ εn2 such edges. Or it must lie within A∗ for which there are
at most 2εn2 such edges. 
We are now ready to begin the proof of the main theorem.
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2. Main proof
Proof. Let cε  1/m ε′  δ  ε. The proof will be by induction on n, if n < c−1−εε , there is nothing to
show. Let T be a tournament on n ≥ n0 vertices. First, we shall apply Sze´me´re´di regularity lemma with
parameters ε′,m. By Lemma 1.3, we can split T into ` parts, where m ≤ ` = M(ε′,m), forming an ε′-regular
partition. Let V (T ) = V0 ∪ V1 . . . ∪ V` be the ε-regular partition. For technical reasons, we add any part Vi
(for i ≥ 1) which is incident with than 2ε′1/2` non-regular pairs to V0. Clearly, there are at most ε′1/2n such
parts so we may find a subset of the parts of size at least `′ := (1− ε′1/2)` where every part is incident with
at most 3ε1/2`′ non-regular edges. Let A0, A1, . . . , A`′ be the new partition, where A0 is the new exceptional
set. Note that |A0| ≤ 3ε′1/2n.
Claim 2.1. Suppose there is an (ε′, d)-regular pair (A,B), with δ ≤ d ≤ 1− δ, then we may find a square of
path of length δ
2n
` ≥ cεn1−ε.
Proof of the claim. Let (A,B) be a (ε′, d)-regular pair where δ ≤ d ≤ 1− δ. We may iteratively construct
a long square of path. The idea is to find a long sequence of edges e1, e2, . . . et, where e2i ∈ A(2) and
e2i+1 ∈ B(2), for all i ∈ [k/2] which satisfy the following three properties.
(i) For all i ∈ [k], ei+1 ⊆ N+(ei),
(ii) For all i ∈ [k], ei is a good edge,
(iii) For all i 6= j ∈ [k], ei ∩ ej = ∅.
Suppose we have constructed such a sequence e1, . . . e2t and we would like to construct e2t+1. Note that by
assumption e2t is good so |N+(e2t)| ≥ δn/(2`). We may assume t ≤ δ2n` , otherwise we would be done. Let
F := N+(e2t) \ V (
⋃2t
i=1 ei), clearly |F | ≥ δ2n/` and hence by Lemma 1.4, there is a good pair e2t+1 within F .
It is not hard to see that from a sequence e1, . . . et as defined above, we may construct a square of a path of
length 2t. Indeed, we may assume ei = (xi, yi), where x→ y. It is not hard to check that x1y1x2y2 . . . xtyt
forms a square of path, and we conclude the proof of the claim.

From now on, we may and shall assume that for any Ai, Aj if the pair (Ai, Aj) is ε-regular then either→
d [Ai, Aj ] ≥ 1− δ or
→
d [Ai, Aj ] ≤ δ. We construct an auxiliary oriented graph D where the vertex set is the
set A1, . . . A`′ and we add an edge from Ai to Aj if the pair (Ai, Aj) is (, 1− δ)-regular.
Claim 2.2. Suppose there is a directed path in D of length at least δ`/2, then T contains a square of a path
of length cεn
1−ε.
Proof. Let P = A1 . . . Ak be a directed path in D, where k ≥ δ`/2. Now, let Rk−1 ⊂ Ak−1 be the set of
vertices which which do not sent at least (1− δ − ε′)n/` out-neighbours to Ak. From the fact (Ak−1, Ak) is
an ε′-regular pair, we deduce |Rk−1| ≤ ε′n/`. Remove these vertices from Ak, and let A′k−1 := Ak−1 \Rk−1.
By assumption, |A′k−1| ≥ (1 − ε′)|Ak−1|. Similarly, let Rk−1 ⊆ Ak−2 be the set of vertices in Ak−2 which
send less than (1 − δ − ε′)|A′k−1| out-neighbours to A′k−1. Again, we know |Rk−2| ≤ (1 − ε′)|Ak−2|. We
may continue in the same fashion all the way down to A′1. By induction, we may find a square of a path
H1 ⊂ A′1 of size cε(|A1|/2)1−ε. Let y, z be the last two vertices of H1 and let B′2 := N+(x) ∩N+(z) ∩ A′2,
by assumption |B′2| ≥ (1 − 2δ − 3ε′)|A2| ≥ |A2|/2. And again by induction, we may find a complete hop
H2 ⊂ B′2 where |H2| ≥ cε(|A2|/2)1−ε. Continuing in a similar way, we may construct a sequence of square
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of paths H1, . . . Hk. By construction, they can be put together to form a longer square of a path H of size
δ`/2 · cε(n/2`)1−ε ≥ cεn1−εδ`ε/22−ε ≥ cεn1−ε, as we wanted to show. 
Therefore, we may assume there is no directed path of length δ`/2 in D. In particular, by Lemma 1.2,
there must be an ordering of the vertices of D, A1, . . . A`′ where |N−D (Ai) ∩ {Ai+1, . . . A`′}| ≤ δ`′/2. Let
L :=
⋃`′/2
i=1 Ai and R :=
⋃`′
j=`′/2Aj . For technical reasons, we will need to remove few vertices from L. Let
Aj ∈ L, we say a vertex x ∈ Aj is weak if there is a set W (x) ⊂ R of size at least 2ε′1/2`′, for which for all
Ar ∈ R, the pair (Aj , Ar is (ε′, d)-regular for some d ≥ 1− δ but |N+(x)∩Ar| ≤ (1− 2δ)n/`. By assumption,
for a fixed pair (Ai, Aj) with Ai ∈ L and Aj ∈ R, forming an (ε, d)-regular pair with d ≥ (1− δ), there are at
most ε′n/` vertices which do not send at least (1− 2δ)n/` out-neighbours to Aj . For a vertex Ai ∈ L, denote
by Awi the subset of Ai consisting of weak vertices.
The following holds.
|Awi |2ε′1/2`′ ≤
∑
x∈Awi
|W (x)|
≤
∑
x∈Ai
|W (x)| ≤ |R|ε′n/` ≤ (n/2`′ + 1) · ε′n/` =⇒
|Awi | ≤ ε′1/2 · (n/`′).
For every i ∈ [`′/2], add the sets Awi to the exceptional set A0, and let L′ :=
⋃
i∈[`′/2]Ai \ Awi . Observe
that |L′| ≥ (1− δ)n/2.
Claim 2.3. For every x ∈ L′, |N+R (x)| ≥
(
(1− δ − ε′1/2)`′/2) · (1− 2δ)n/`′ ≥ (1− 10δ)|R|.
Proof. Let x ∈ Ai, for some i ∈ [`′/2]. By construction, there are at most δ`′/2 + ε1/2`′ parts in R which do
not form an (ε′, d)-regular pair with Ai, for some d ≥ 1− δ. Moreover, since x is not weak, there are at most
2ε1/2`′ parts in R for which the out-degree of x is smaller than (1− 2δ)n/`′, hence the claim follows. 
Now, by induction, we may find a square of a path Hl ⊂ V (L′) of length at least cε|L′|1−ε. Let x, y be the
last two vertices of Hl. By Claim 2.3, |N+(x) ∩N+(y) ∩R| ≥ (1− 20δ)|R|. Let N ′ := N+(x) ∩N+(y) ∩R|.
Once again, by induction we may find a square of a path Hr ⊂ R of size cε(1− 20δ)|R|)1−ε. Putting both
Hl and Hr together, we obtain a square of a path of size
2cε((1− 30δ)n/2)1−ε ≥ cεn1−ε,
the last inequality holds provided δ  ε.

3. Concluding remarks
We remark that our constant cε depends on the application of Szemere´di’s regularity lemma. It would be
nice to obtain a more feasible constant using other methods. We note as well, as pointed out by Yuster, that
we still could not rule out the possibility there always exists linear a square of path of length Ω(n) in any
tournament on n vertices.
Lastly, we observe that our arguments can be adapted to prove the existence of long kth powers of paths
in every tournament.
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Theorem 3.1. For every 0 < ε ≤ 1 and a positive integer k, there exists a constant cε,k > 0 such that every
tournament on n vertices contains a kth power of a path of order at least cε,kn
1−ε.
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